
Can we improve neural networks by 
generalizing its symmetry constraints?

Water Flow

Land’s  
Symmetry

Question
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Activation Functions

<latexit sha1_base64="Kb5nLwcZnWHssdRSU664/UMSjIA=">AAACHHicbVDLSsNAFJ3UV62vqEs3oaVQQUoiUkUoFHThwkUF+4AmlMlk0g6dScLMRFpC936Fn+BWP8CduBVc+yNO2wi19cDA4ZxzuXeOG1EipGl+aZmV1bX1jexmbmt7Z3dP3z9oijDmCDdQSEPedqHAlAS4IYmkuB1xDJlLccsdXE381gPmgoTBvRxF2GGwFxCfICiV1NXz9q0Ke7A0PL6s2vSXV20Gh3YyPDHtcVcvmGVzCmOZWCkpgBT1rv5teyGKGQ4kolCIjmVG0kkglwRRPM7ZscARRAPYwx1FA8iwcJLpX8ZGUSme4YdcvUAaU3V+IoFMiBFzVZJB2ReL3kT8z+vE0r9wEhJEscQBmi3yY2rI0JgUY3iEYyTpSBGIOFG3GqgPOURS1Zcrzq9xXTZpxVrsYJk0T8tWpVy5OyvUrtN+suAI5EEJWOAc1MANqIMGQOARPIMX8Ko9aW/au/Yxi2a0dOYQ/IH2+QO+UKD7</latexit>

⇤(x) := �(x) = max{x, 0}

<latexit sha1_base64="izWgxhZy2YJSsIv94ZDtTpQ2wB4="></latexit>

⇤(x)i = ⇤(xi) i.e. ⇤⇡i = ⇡i⇤

<latexit sha1_base64="YmkPZyceN5/YAOZfnQGmJ4rb3XA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BPXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+pljQk=</latexit>x

<latexit sha1_base64="YpaLSKthgKh2QtzhAlL4A8atMj4=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoKeyKRI8BPXiMYh6QhDA76U2GzM4uM7NiWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj66nffESleSQfzDjGbkgHkgecUWOl+6fTXrHklt0ZyDLxMlKCDLVe8avTj1gSojRMUK3bnhubbkqV4UzgpNBJNMaUjegA25ZKGqLuprNLJ+TEKn0SRMqWNGSm/p5Iaaj1OPRtZ0jNUC96U/E/r52Y4KqbchknBiWbLwoSQUxEpm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/jyMmmcl71KuXJ3UareZHHk4QiO4Qw8uIQq3EIN6sAggGd4hTdn5Lw4787HvDXnZDOH8AfO5w9K7I06</latexit>

x0

Characterization 

• Axis Homogeneity


• +Idempotence


• +Positive Homogeneity

<latexit sha1_base64="hUlAtJcmwEimWmxCpj94l1CcOSw=">AAACB3icbVDLSgMxFL1TX7W+Rl0KMliEdlNmRKoboaALFy4q2Ae0Q8lkMm1oJjMkGbGU7tz4K25cKOLWX3Dn35i2I2rrgZDDOeeS3OPFjEpl259GZmFxaXklu5pbW9/Y3DK3d+oySgQmNRyxSDQ9JAmjnNQUVYw0Y0FQ6DHS8PrnY79xS4SkEb9Rg5i4IepyGlCMlJY65n77Sod9VPi+74rFsx/eMfN2yZ7AmidOSvKQotoxP9p+hJOQcIUZkrLl2LFyh0goihkZ5dqJJDHCfdQlLU05Col0h5M9RtahVnwriIQ+XFkT9ffEEIVSDkJPJ0OkenLWG4v/ea1EBafukPI4UYTj6UNBwiwVWeNSLJ8KghUbaIKwoPqvFu4hgbDS1eV0Cc7syvOkflRyyqXy9XG+cpHWkYU9OIACOHACFbiEKtQAwz08wjO8GA/Gk/FqvE2jGSOd2YU/MN6/AI8Ol9s=</latexit>

⇤(⇤(x)) = ⇤(x)

<latexit sha1_base64="RW+XatmidkS4Wcgntx4SQfqicfY=">AAACDXicbVC7SgNBFJ2NrxhfUUubwSgkIGFXJNooAS0sLCKYB2SXMDs7SYbMPpi5KwlLfsDGX7GxUMTW3s6/cfIQNPHAwJlz7+Hee9xIcAWm+WWkFhaXllfSq5m19Y3Nrez2Tk2FsaSsSkMRyoZLFBM8YFXgIFgjkoz4rmB1t3c5qtfvmVQ8DO5gEDHHJ52AtzkloKVW9sBuh5IIgeHCPML2jXZ6JA/9wjn8fPqFVjZnFs0x8DyxpiSHpqi0sp+2F9LYZwFQQZRqWmYETkIkcCrYMGPHikWE9kiHNTUNiM+Uk4yvGeJDrXhYr6VfAHis/nYkxFdq4Lu60yfQVbO1kfhfrRlD+8xJeBDFwAI6GdSO9ekhHkWDPS4ZBTHQhFDJ9a6YdokkFHSAGR2CNXvyPKkdF61SsXR7kitfTeNIoz20j/LIQqeojK5RBVURRQ/oCb2gV+PReDbejPdJa8qYenbRHxgf3+9tmjs=</latexit>

8t > 0,⇤(tx) = t⇤(x)

<latexit sha1_base64="fOpFnPSg4N5CH4Bwf62MV0eoafY=">AAACI3icbVBPS8MwHE3nvzn/VT16KQ5hgzHaIVMEYaAHDx4muE1YS0nTbAtL05KkslH2Xbz4Vbx4UIYXD34Xs63i3HwQeHnv/Uh+z4soEdI0P7XMyura+kZ2M7e1vbO7p+8fNEUYc4QbKKQhf/CgwJQw3JBEUvwQcQwDj+KW17+a+K1HzAUJ2b0cRtgJYJeRDkFQKsnVL+xbFfZhYeBapYFbKdnUD6UoXhbmjGLp91Ip/kRcPW+WzSmMZWKlJA9S1F19bPshigPMJKJQiLZlRtJJIJcEUTzK2bHAEUR92MVtRRkMsHCS6Y4j40QpvtEJuTpMGlN1fiKBgRDDwFPJAMqeWPQm4n9eO5adcychLIolZmj2UCemhgyNSWGGTzhGkg4VgYgT9VcD9SCHSKpac6oEa3HlZdKslK1quXp3mq9dp3VkwRE4BgVggTNQAzegDhoAgSfwAt7Au/asvWpj7WMWzWjpzCH4A+3rGy6Goio=</latexit>

⇤(x1, x2, . . .) = (⇤(x1),⇤(x2), . . .)

<latexit sha1_base64="e1OuZU6eGhyTXfQGLywrR+T53ZY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KolI9VjQg8cq9gPaUDbbTbt0swm7EyGU/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xCzhfkQHSoSCUbTSQ3bWK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0x1SjYJJPit3U8ISyER3wjqWKRtz449mlE3JqlT4JY21LIZmpvyfGNDImiwLbGVEcmkVvKv7ndVIMr/2xUEmKXLH5ojCVBGMyfZv0heYMZWYJZVrYWwkbUk0Z2nCKNgRv8eVl0ryoeNVK9f6yXLvN4yjAMZzAOXhwBTW4gzo0gEEIz/AKb87IeXHenY9564qTzxzBHzifP0xxjTs=</latexit>

y0

<latexit sha1_base64="zBf+XLq9ADREUTc533W1wlyA2Bo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPJkvQj+hQ8pAzaqzUyPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvwJVYYzgdNiL9WYUDamQ+xaKmmE2p/MD52Sc6sMSBgrW9KQufp7YkIjrbMosJ0RNSO97M3E/7xuasIbf8JlkhqUbLEoTAUxMZl9TQZcITMis4Qyxe2thI2ooszYbIo2BG/55VXSuqx41Uq1cVWu3eVxFOAUzuACPLiGGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucP6+mNCg==</latexit>y

<latexit sha1_base64="YpaLSKthgKh2QtzhAlL4A8atMj4=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoKeyKRI8BPXiMYh6QhDA76U2GzM4uM7NiWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj66nffESleSQfzDjGbkgHkgecUWOl+6fTXrHklt0ZyDLxMlKCDLVe8avTj1gSojRMUK3bnhubbkqV4UzgpNBJNMaUjegA25ZKGqLuprNLJ+TEKn0SRMqWNGSm/p5Iaaj1OPRtZ0jNUC96U/E/r52Y4KqbchknBiWbLwoSQUxEpm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/jyMmmcl71KuXJ3UareZHHk4QiO4Qw8uIQq3EIN6sAggGd4hTdn5Lw4787HvDXnZDOH8AfO5w9K7I06</latexit>

x0

<latexit sha1_base64="p/yvcybp1nLRoglst0D5H3YRZ2k="></latexit>

⇤|
O
(x) = id(x), O is Borel

<latexit sha1_base64="e1OuZU6eGhyTXfQGLywrR+T53ZY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KolI9VjQg8cq9gPaUDbbTbt0swm7EyGU/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xCzhfkQHSoSCUbTSQ3bWK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0x1SjYJJPit3U8ISyER3wjqWKRtz449mlE3JqlT4JY21LIZmpvyfGNDImiwLbGVEcmkVvKv7ndVIMr/2xUEmKXLH5ojCVBGMyfZv0heYMZWYJZVrYWwkbUk0Z2nCKNgRv8eVl0ryoeNVK9f6yXLvN4yjAMZzAOXhwBTW4gzo0gEEIz/AKb87IeXHenY9564qTzxzBHzifP0xxjTs=</latexit>

y0

Linear Linear
Activation 
Function

ReLU: Rectified Linear Units
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Solution

<latexit sha1_base64="1O8lKOdHMvCfH3697v0L8nau04s="></latexit>x1

<latexit sha1_base64="cwbMCume+gapcww5hmWIR6SAd2Q="></latexit>x3

<latexit sha1_base64="lcQWrYAtMGTLPlNy3mMteugKDRc="></latexit>x2

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="NT1ZgSm5NJes/q2LFtJhrfg8KqE=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2AR6qbMiFSXRTcuK9gHdIaSyWTa0MyDJCOWoeCvuHGhiFu/w51/YzqdhbYeCBzOuSc3OV7CmVSW9W2UVlbX1jfKm5Wt7Z3dPXP/oCPjVBDaJjGPRc/DknIW0bZiitNeIigOPU673vhm5ncfqJAsju7VJKFuiIcRCxjBSksD88jJ78gE9acO1zkf1x7PBmbVqls50DKxC1KFAq2B+eX4MUlDGinCsZR920qUm2GhGOF0WnFSSRNMxnhI+5pGOKTSzfLVU3SqFR8FsdAnUihXfycyHEo5CT09GWI1koveTPzP66cquHIzFiWpohGZLwpSjlSMZl0gnwlKFJ9ogolg+q2IjLDAROnGKroEe/HLy6RzXrcb9cbdRbV5XdRRhmM4gRrYcAlNuIUWtIFABs/wCm/Gk/FivBsf89GSUWQO4Q+Mzx9WK5W8</latexit>

�(x)

x?

x1

x
�(x)

V

H(x)

ReLU: loses the rotary symmetry CoLU: keeps the rotary symmetry

Previous works: spatial domain (Geometric Deep Learning)

Our work: feature space!

Allow orthogonal equivariance with a more symmetric invariant set
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• Semidefinite Program 

•Conic Program?

<latexit sha1_base64="JdUDoDZ9LOfUjVejwwfbuDjfabI=">AAAB/3icbVDLSgMxFM1UrbW+RoVu3ASLIAplxkV1IxTqwp1V7AM645BJM21o5kGSEcrYhR/gT7hxoYjb/oYr/Qs/wUzbhbYeCBzOuZd7ctyIUSEN40vLLCwuZZdzK/nVtfWNTX1ruyHCmGNSxyELectFgjAakLqkkpFWxAnyXUaabr+a+s07wgUNgxs5iIjto25APYqRVJKjF6xLn3QRPIOWj2TPdeH1bdU5cvSiUTLGgPPEnJJi5fCz8J19HNUc/cPqhDj2SSAxQ0K0TSOSdoK4pJiRYd6KBYkQ7qMuaSsaIJ8IOxnnH8J9pXSgF3L1AgnH6u+NBPlCDHxXTaYhxayXiv957Vh6p3ZCgyiWJMCTQ17MoAxhWgbsUE6wZANFEOZUZYW4hzjCUlWWVyWYs1+eJ43jklkula9UG+dgghzYBXvgAJjgBFTABaiBOsDgHjyBF/CqPWjP2pv2PhnNaNOdHfAH2ugHq+mYTQ==</latexit>

⌦ = RC
+

<latexit sha1_base64="Lq36rb1KfKQCV5WJHSN/mloJRdg="></latexit>

min
y�0

1

2
kx� yk2

<latexit sha1_base64="NUwOGaPVSqhffbnlOvKbO8BImU8="></latexit>

min
y2⌦

1

2
kx� yk2

<latexit sha1_base64="NGk2jxoGs07/OGQBwHRvFdhA4l0="></latexit>

⌦ = {x : x2
1 � x2

2 + x2
3 + . . .}

<latexit sha1_base64="tjTm/36gm9hvFDead30FUkw64y0="></latexit>

�(x) = ⇡⌦(x) = x+ = max{x, 0}

dimension 1 dimension 2 dimension 3

Solution

Conic Activation Functions A symmetry constraint on generative models for improved 
generalization property and better learning and performance.
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Orth

Perm

Orth

<latexit sha1_base64="6hxJhRoYx3Q8qYx9V/idyuj+6IA="></latexit>

x 2 RC 7! ⇡eV \H(x)(x)

<latexit sha1_base64="WBmuIFTUCuFp6U/4cZPrn3g/HLU=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey2CCykzItVloRuXrdgLdMaSSTNtaCYZkoy0DAV3bnwVNy4UcesTuPNtzLRdaOuBkI//PyHn/EHMqNKO820tLa+srq3nNvKbW9s7u/befkOJRGJSx4IJ2QqQIoxyUtdUM9KKJUFRwEgzGFQyv3lPpKKC3+pRTPwI9TgNKUbaSB37aOhR7kVI94MA3txVDMZKC3MNvXR45njjjl1wis6k4CK4MyiAWVU79pfXFTiJCNeYIaXarhNrP0VSU8zIOO8lisQID1CPtA1yFBHlp5NVxvDEKF0YCmkO13Ci/n6RokipURSYzmxoNe9l4n9eO9HhlZ9SHieacDz9KEwY1AJmucAulQRrNjKAsKRmVoj7SCKsTXp5E4I7v/IiNM6LbqlYql0UyrWHaRw5cAiOwSlwwSUog2tQBXWAwSN4Bq/gzXqyXqx362PaumTNIjwAf8r6/AFlKpst</latexit>

x 2 RC 7! max{x, 0}
Attention 

ReLU 
CoLU

Function Group
ColorClusters


Orthant	 	 

Cone		

<latexit sha1_base64="unPYIQKjbJ9qfiaONxIa7C0lEh4="></latexit>

RC
+

<latexit sha1_base64="7e1ID41xa5KvCD5wRJUSnxJbBHM="></latexit>

eV

LimitingSymmetry
     Entropic


Simplex

Disk

<latexit sha1_base64="W1D6ay0UpdRNWNKm48hroK+Q/4c=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBC8GHZFosdgPHiMYB6QXcPspDcZMvtgplcIS37DiwdFvPoz3vwbJ8keNLGgoajqprvLT6TQaNvf1srq2vrGZmGruL2zu7dfOjhs6ThVHJo8lrHq+EyDFBE0UaCETqKAhb6Etj+qT/32Eygt4ugBxwl4IRtEIhCcoZFc9xYkssesfu5MeqWyXbFnoMvEyUmZ5Gj0Sl9uP+ZpCBFyybTuOnaCXsYUCi5hUnRTDQnjIzaArqERC0F72ezmCT01Sp8GsTIVIZ2pvycyFmo9Dn3TGTIc6kVvKv7ndVMMrr1MREmKEPH5oiCVFGM6DYD2hQKOcmwI40qYWykfMsU4mpiKJgRn8eVl0rqoONVK9f6yXLvJ4yiQY3JCzohDrkiN3JEGaRJOEvJMXsmblVov1rv1MW9dsfKZI/IH1ucPTyKROg==</latexit>

�C�1

<latexit sha1_base64="7pdDdV/gETH8Z9X4rbVK2qe2rq4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZFosdgPHiMYB6QrGF2MkmGzM4uM71CWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwqk795hPXRkTqAccx90M6UKIvGEUrNW8f0+q5N+kWim7JnYEsEy8jRchQ6xa+Or2IJSFXyCQ1pu25Mfop1SiY5JN8JzE8pmxEB7xtqaIhN346O3dCTq3SI/1I21JIZurviZSGxozDwHaGFIdm0ZuK/3ntBPvXfipUnCBXbL6on0iCEZn+TnpCc4ZybAllWthbCRtSTRnahPI2BG/x5WXSuCh55VL5/rJYucniyMExnMAZeHAFFbiDGtSBwQie4RXenNh5cd6dj3nripPNHMEfOJ8/ebePBg==</latexit>

DC�1

<latexit sha1_base64="/ElskTKw7b6Q9zo8Ea5kx6Bt+iY="></latexit>

x 2 RC⇥N 7! Z�1 exp(
hx, xiCp

C
)x

Nonlinearities

Conic Activation Functions A symmetry constraint on generative models for improved 
generalization property and better learning and performance.
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CoLU Symmetry is Compatible with Transformer



Conic Activation Functions A symmetry constraint on generative models for improved 
generalization property and better learning and performance.

• Minimal Example

• Improved Generalization

6

CoLU: orthogonal/rotary symmetry

ReLU: permutation symmetry



Animation: 

Conic Symmetry

<latexit sha1_base64="cIV5FRbIhrFM+yC4oqJ7jSW33z8="></latexit>

lim
"!0

�(x) = ⇡eV \H(x)(x) = ⇡max{x1,0}D+min{x1,0}e1
(x)

<latexit sha1_base64="WXL/N+uZ4pa1foqln113pUKyBmI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5r7jNM=</latexit>

D

<latexit sha1_base64="0qzFBDKfV3gQrStd8iymTIwqpbg="></latexit>

�(x)i =

(
x1, i = 1

min {max {x1/(|x?|+ "), 0} , 1}xi, i = 2, . . . , C

<latexit sha1_base64="F5O6NpUMNddckbQq10spKkON2gI="></latexit>

x? = (0, x2, . . . , xC)

<latexit sha1_base64="Z52xDMiEW9KATsM3u1rg+/LOZfE=">AAAB7XicbVDLSsNAFL2pr1pf1bpzM1gEVyVx0bosdeOygn1AE8pkOmnHTiZhZiKE0H8Q0YUibv0fd/6Bn+H0sdDWAxcO59zLvff4MWdK2/aXlVtb39jcym8Xdnb39g+Kh0dtFSWS0BaJeCS7PlaUM0FbmmlOu7GkOPQ57fjjq6nfuadSsUjc6jSmXoiHggWMYG2ktttgQzfrF8t2xZ4BrRJnQcr12tNjWvo+bvaLn+4gIklIhSYcK9Vz7Fh7GZaaEU4nBTdRNMZkjIe0Z6jAIVVeNrt2gs6MMkBBJE0JjWbq74kMh0qloW86Q6xHatmbiv95vUQHl17GRJxoKsh8UZBwpCM0fR0NmKRE89QQTCQztyIywhITbQIqmBCc5ZdXSfui4lQr1RuTRgPmyMMJnMI5OFCDOlxDE1pA4A4e4AVerch6tt6s93lrzlrMlOAPrI8fnHCSJw==</latexit>

n
Conic Activation Functions A symmetry constraint on generative models for improved 

generalization property and better learning and performance.
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Closed Form

Projective Form
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Identity Function Maximal Norm Constraint Cone Axis Dimensions

<latexit sha1_base64="V3DLQAcNg3Wh8xGVEqrqMH+2zy8="></latexit>

C = 6, S = 3, G = 2

Multi-Head Structure
<latexit sha1_base64="46ESm729NMx/iec0Z4wDdcTqLvw="></latexit>

⇡G
i � = �⇡G

i , i = 1, 2, . . . , G where C = GS
<latexit sha1_base64="ZGAG7140r13FfguNeUjdFFjIxxs=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSK0giURqS4LLurO+ugD2lom02k7dCYJMzdCCfkHN/6KGxeKuHXjzr9x0lbQ1gMXDufcy733uAFnCmz7y0gtLC4tr6RXM2vrG5tb5vZOTfmhJLRKfO7LhosV5cyjVWDAaSOQFAuX07o7PE/8+j2VivneLYwC2ha477EeIxi01DEPWwLDQIqoQqWIc+V8C5ig6ke9lDCI78q5myMn3zGzdsEew5onzpRk0RSVjvnZ6vokFNQDwrFSTccOoB1hCYxwGmdaoaIBJkPcp01NPawXt6PxT7F1oJWu1fOlLg+ssfp7IsJCqZFwdWdyq5r1EvE/rxlC76wdMS8IgXpksqgXcgt8KwnI6jJJCfCRJphIpm+1yABLTEDHmNEhOLMvz5PaccEpFopXJ9nS9TSONNpD+yiHHHSKSugCVVAVEfSAntALejUejWfjzXiftKaM6cwu+gPj4xuw554S</latexit>

Perm(G)⇥Orth
G
(S � 1)Symmetry Group:

Conic Activation Functions A symmetry constraint on generative models for improved 
generalization property and better learning and performance.
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Animation: 

Conic Symmetry
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Axis Sharing

Glue cone axes w/
<latexit sha1_base64="8+pdVh//jUhgNc6hmrKVZuS97QM=">AAACIHicbVDLSsNAFJ34rPVVdekmWARdWBKR1o0guNBlfVQLTS2T6W07dDIJMzdiCfkUN/6KGxeK6E6/xknNwteBYQ7n3Mu99/iR4Bod592amJyanpktzBXnFxaXlksrq5c6jBWDBgtFqJo+1SC4hAZyFNCMFNDAF3DlD48y/+oGlOahvMBRBO2A9iXvcUbRSJ1SzYt4h18fH2S/6yEPQGc08RBuMaEyxAGodOt8x93OpVvQadoplZ2KM4b9l7g5KZMc9U7pzeuGLA5AIhNU65brRNhOqELOBKRFL9YQUTakfWgZKqlZpJ2MD0ztTaN07V6ozJNoj9XvHQkNtB4FvqkMKA70by8T//NaMfb22wmXUYwg2degXixsDO0sLbvLFTAUI0MoU9zsarMBVZShybRoQnB/n/yXXO5W3GqlerpXPjzL4yiQdbJBtohLauSQnJA6aRBG7sgDeSLP1r31aL1Yr1+lE1bes0Z+wPr4BGKfpHA=</latexit>

⇡G
i = ⇡1 ⇥ ⇡another(S�1)axes

Conic Activation Functions A symmetry constraint on generative models for improved 
generalization property and better learning and performance.
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Generated Samples of CoLU-LDM
Conic Activation Functions A symmetry constraint on generative models for improved 

generalization property and better learning and performance.
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UNet with Attention

(835M parameters)

Faster Learning



Diffusion Model and Process Matching

<latexit sha1_base64="D019MiyoyWswKxXrj6m1IaAoUHI="></latexit>

� log p(x(0))  �Ex(t)⇠q(x(t)|x(0))[log p(x(t))]+DKL

�
q(x(t)|x(0))

��p(x(0)|x(t))
�

Known

Unknown

<latexit sha1_base64="Wq4zsDHRxYPm/AgCIYvi7R3v+eE=">AAAB6HicbVC7SgNBFL0bXzFqjIqVzWAQLCTsWkTLgI2NkIh5QLKE2cndZMzsw5lZIYR8gY2FIrZ+hd9hZ+1vWDh5FJp44MLhnHu59x4vFlxp2/60UkvLK6tr6fXMxuZWdju3s1tTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7F2K/fo1Q8Cm/0IEY3oN2Q+5xRbaTKXTuXtwv2BGSRODOSL528X31/7WfL7dxHqxOxJMBQM0GVajp2rN0hlZozgaNMK1EYU9anXWwaGtIAlTucHDoiR0bpED+SpkJNJurviSENlBoEnukMqO6peW8s/uc1E+2fu0MexonGkE0X+YkgOiLjr0mHS2RaDAyhTHJzK2E9KinTJpuMCcGZf3mR1E4LTrFQrJg0rmGKNBzAIRyDA2dQgksoQxUYIDzAEzxbt9aj9WK9TltT1mxmD/7AevsBh5yQfw==</latexit>q

<latexit sha1_base64="IsS5GVfv4d5LHgEePNZhkU7djHM=">AAAB6HicbVA9SwNBEJ3zM0aNUbGyOQyChYQ7i2gZsLEREjEfkBxhbzOXrNnbO3b3hHDkF9hYKGLrr/B32Fn7NyzcfBSa+GDg8d4MM/P8mDOlHefTWlpeWV1bz2xkN7e2czv53b26ihJJsUYjHsmmTxRyJrCmmebYjCWS0OfY8AeXY79xj1KxSNzqYYxeSHqCBYwSbaRq3MkXnKIzgb1I3BkplE/fr7+/DnKVTv6j3Y1oEqLQlBOlWq4Tay8lUjPKcZRtJwpjQgekhy1DBQlReenk0JF9bJSuHUTSlND2RP09kZJQqWHom86Q6L6a98bif14r0cGFlzIRJxoFnS4KEm7ryB5/bXeZRKr50BBCJTO32rRPJKHaZJM1IbjzLy+S+lnRLRVLVZPGDUyRgUM4ghNw4RzKcAUVqAEFhAd4gmfrznq0XqzXaeuSNZvZhz+w3n4AhhiQfg==</latexit>p

<latexit sha1_base64="+l4r7fUsfDWT7w+YIawk9nSe72s="></latexit>

DKL(q|p) := �
Z

x2M
log(p(x)/q(x)) dq(x)Relative Entropy

Negative Log Likelihood

<latexit sha1_base64="Ke9ZS7of8bm9TVxJsykRF3d7xXQ="></latexit>

x(s) ⇠ q(x(s)|G(t, x(t))), s < t

<latexit sha1_base64="M1h6oehNvNBAZyNuwPc5vBzlcF4="></latexit>

q(x(t)|x(0)) = N (↵(t)x(0);�2(t)I)
<latexit sha1_base64="xGGVXIR7lZaej0tlIWqMUIWeH9k=">AAACNHicbVA9T8MwEHXKVymfhQ2WiIJUGKqEARgrwcCCAIlCpSZCjntprTp2ZDuoVZS/wAq/hP+CxIZY+Q04aQegfZJ9T+/u7LsXxIwq7TjvVmlufmFxqbxcWVldW9/YrG7dK5FIAi0imJDtACtglENLU82gHUvAUcDgIRic5/mHJ5CKCn6nRzH4Ee5xGlKCdS4N687h42bNaTgF7GniTkituR8WuHmsWjteV5AkAq4Jw0p1XCfWfoqlpoRBVvESBTEmA9yDjqEcR6D8tBg2sw+M0rVDIc3h2i7U3x0pjpQaRYGpjLDuq/+5XJyV6yQ6PPNTyuNEAyfjj8KE2VrY+eZ2l0ogmo0MwURSM6tN+lhioo0/Fe8CzC4Srsy71zFIrIU8Sj0sexHlWTqJM8tSL5ZimKXFbdx0/3s3Te6PG+5J4+TW2HqBxiijXbSH6shFp6iJLtENaiGC+ugZvaBX6836sD6tr3FpyZr0bKM/sL5/AEG4rkE=</latexit>

x(0)
<latexit sha1_base64="6RMFw+IXiEXlf/hg0WzfWsVUfNA=">AAACNHicbVDJTsMwEHVYS9lauMElYpGAQ5VwKBwr0QMXRJEordREyHEnrVXHjmwHtYryC1zhS/gXJG6IK9+Ak/bA9iR7nt7M2DMviBlV2nFerbn5hcWl5dJKeXVtfWOzUt26UyKRBNpEMCG7AVbAKIe2pppBN5aAo4BBJxhd5PnOA0hFBb/Vkxj8CA84DSnBOpfGR7fH95V9p+YUsP8Sd0b2GwdhgdZ91drx+oIkEXBNGFaq5zqx9lMsNSUMsrKXKIgxGeEB9AzlOALlp8WwmX1olL4dCmkO13ahfu9IcaTUJApMZYT1UP3O5eJ/uV6iw3M/pTxONHAy/ShMmK2FnW9u96kEotnEEEwkNbPaZIglJtr4U/aaYHaRcGXevY5BYi3kSephOYgoz9JZ/Lcs9WIpxlla3MZN97d3f8ndac2t1+o3xtYmmqKEdtEeOkIuOkMNdIlaqI0IGqJH9ISerRfrzXq3Pqalc9asZxv9gPX5BYKwrmU=</latexit>

x(T )

<latexit sha1_base64="v4uzo7BUd5nuCBEHgNiHqC+rE6A="></latexit> | {z }
Approximates x(0)

Denoise

Diffuse

11

Signal Noise

Conclusion: Match p towards q

<latexit sha1_base64="e+cM9GynIgK0M4X7Sh17n7Wv5II="></latexit>

x(t) = ↵(t)x(0) + �(t)"| {z }
R t
0 s⌧ dB⌧

" ⇠ N (0, 1)
Signal Noise



Diffusion Model and Process Matching

<latexit sha1_base64="EkHLOVV/L9R7ec9N83DmCAyNr60="></latexit>

L(✓) = Et⇠U(0,1),x(0)⇠⇡,xt⇠q(x(t)|x(0))|G(t, x(t); ✓)� x(0)|
Time Dataset Noisy Image

Loss

12

Residualization
<latexit sha1_base64="Z52xDMiEW9KATsM3u1rg+/LOZfE=">AAAB7XicbVDLSsNAFL2pr1pf1bpzM1gEVyVx0bosdeOygn1AE8pkOmnHTiZhZiKE0H8Q0YUibv0fd/6Bn+H0sdDWAxcO59zLvff4MWdK2/aXlVtb39jcym8Xdnb39g+Kh0dtFSWS0BaJeCS7PlaUM0FbmmlOu7GkOPQ57fjjq6nfuadSsUjc6jSmXoiHggWMYG2ktttgQzfrF8t2xZ4BrRJnQcr12tNjWvo+bvaLn+4gIklIhSYcK9Vz7Fh7GZaaEU4nBTdRNMZkjIe0Z6jAIVVeNrt2gs6MMkBBJE0JjWbq74kMh0qloW86Q6xHatmbiv95vUQHl17GRJxoKsh8UZBwpCM0fR0NmKRE89QQTCQztyIywhITbQIqmBCc5ZdXSfui4lQr1RuTRgPmyMMJnMI5OFCDOlxDE1pA4A4e4AVerch6tt6s93lrzlrMlOAPrI8fnHCSJw==</latexit>n

Known

Unknown

<latexit sha1_base64="Wq4zsDHRxYPm/AgCIYvi7R3v+eE=">AAAB6HicbVC7SgNBFL0bXzFqjIqVzWAQLCTsWkTLgI2NkIh5QLKE2cndZMzsw5lZIYR8gY2FIrZ+hd9hZ+1vWDh5FJp44MLhnHu59x4vFlxp2/60UkvLK6tr6fXMxuZWdju3s1tTUSIZVlkkItnwqELBQ6xqrgU2Yok08ATWvf7F2K/fo1Q8Cm/0IEY3oN2Q+5xRbaTKXTuXtwv2BGSRODOSL528X31/7WfL7dxHqxOxJMBQM0GVajp2rN0hlZozgaNMK1EYU9anXWwaGtIAlTucHDoiR0bpED+SpkJNJurviSENlBoEnukMqO6peW8s/uc1E+2fu0MexonGkE0X+YkgOiLjr0mHS2RaDAyhTHJzK2E9KinTJpuMCcGZf3mR1E4LTrFQrJg0rmGKNBzAIRyDA2dQgksoQxUYIDzAEzxbt9aj9WK9TltT1mxmD/7AevsBh5yQfw==</latexit>q

<latexit sha1_base64="IsS5GVfv4d5LHgEePNZhkU7djHM=">AAAB6HicbVA9SwNBEJ3zM0aNUbGyOQyChYQ7i2gZsLEREjEfkBxhbzOXrNnbO3b3hHDkF9hYKGLrr/B32Fn7NyzcfBSa+GDg8d4MM/P8mDOlHefTWlpeWV1bz2xkN7e2czv53b26ihJJsUYjHsmmTxRyJrCmmebYjCWS0OfY8AeXY79xj1KxSNzqYYxeSHqCBYwSbaRq3MkXnKIzgb1I3BkplE/fr7+/DnKVTv6j3Y1oEqLQlBOlWq4Tay8lUjPKcZRtJwpjQgekhy1DBQlReenk0JF9bJSuHUTSlND2RP09kZJQqWHom86Q6L6a98bif14r0cGFlzIRJxoFnS4KEm7ryB5/bXeZRKr50BBCJTO32rRPJKHaZJM1IbjzLy+S+lnRLRVLVZPGDUyRgUM4ghNw4RzKcAUVqAEFhAd4gmfrznq0XqzXaeuSNZvZhz+w3n4AhhiQfg==</latexit>p<latexit sha1_base64="Ke9ZS7of8bm9TVxJsykRF3d7xXQ="></latexit>

x(s) ⇠ q(x(s)|G(t, x(t))), s < t

<latexit sha1_base64="M1h6oehNvNBAZyNuwPc5vBzlcF4="></latexit>

q(x(t)|x(0)) = N (↵(t)x(0);�2(t)I)
<latexit sha1_base64="xGGVXIR7lZaej0tlIWqMUIWeH9k=">AAACNHicbVA9T8MwEHXKVymfhQ2WiIJUGKqEARgrwcCCAIlCpSZCjntprTp2ZDuoVZS/wAq/hP+CxIZY+Q04aQegfZJ9T+/u7LsXxIwq7TjvVmlufmFxqbxcWVldW9/YrG7dK5FIAi0imJDtACtglENLU82gHUvAUcDgIRic5/mHJ5CKCn6nRzH4Ee5xGlKCdS4N687h42bNaTgF7GniTkituR8WuHmsWjteV5AkAq4Jw0p1XCfWfoqlpoRBVvESBTEmA9yDjqEcR6D8tBg2sw+M0rVDIc3h2i7U3x0pjpQaRYGpjLDuq/+5XJyV6yQ6PPNTyuNEAyfjj8KE2VrY+eZ2l0ogmo0MwURSM6tN+lhioo0/Fe8CzC4Srsy71zFIrIU8Sj0sexHlWTqJM8tSL5ZimKXFbdx0/3s3Te6PG+5J4+TW2HqBxiijXbSH6shFp6iJLtENaiGC+ugZvaBX6836sD6tr3FpyZr0bKM/sL5/AEG4rkE=</latexit>

x(0)
<latexit sha1_base64="6RMFw+IXiEXlf/hg0WzfWsVUfNA=">AAACNHicbVDJTsMwEHVYS9lauMElYpGAQ5VwKBwr0QMXRJEordREyHEnrVXHjmwHtYryC1zhS/gXJG6IK9+Ak/bA9iR7nt7M2DMviBlV2nFerbn5hcWl5dJKeXVtfWOzUt26UyKRBNpEMCG7AVbAKIe2pppBN5aAo4BBJxhd5PnOA0hFBb/Vkxj8CA84DSnBOpfGR7fH95V9p+YUsP8Sd0b2GwdhgdZ91drx+oIkEXBNGFaq5zqx9lMsNSUMsrKXKIgxGeEB9AzlOALlp8WwmX1olL4dCmkO13ahfu9IcaTUJApMZYT1UP3O5eJ/uV6iw3M/pTxONHAy/ShMmK2FnW9u96kEotnEEEwkNbPaZIglJtr4U/aaYHaRcGXevY5BYi3kSephOYgoz9JZ/Lcs9WIpxlla3MZN97d3f8ndac2t1+o3xtYmmqKEdtEeOkIuOkMNdIlaqI0IGqJH9ISerRfrzXq3Pqalc9asZxv9gPX5BYKwrmU=</latexit>

x(T )

<latexit sha1_base64="v4uzo7BUd5nuCBEHgNiHqC+rE6A="></latexit> | {z }
Approximates x(0)

Denoise

Diffuse Signal Noise
<latexit sha1_base64="e+cM9GynIgK0M4X7Sh17n7Wv5II="></latexit>

x(t) = ↵(t)x(0) + �(t)"| {z }
R t
0 s⌧ dB⌧

" ⇠ N (0, 1)
Signal Noise

<latexit sha1_base64="Z52xDMiEW9KATsM3u1rg+/LOZfE=">AAAB7XicbVDLSsNAFL2pr1pf1bpzM1gEVyVx0bosdeOygn1AE8pkOmnHTiZhZiKE0H8Q0YUibv0fd/6Bn+H0sdDWAxcO59zLvff4MWdK2/aXlVtb39jcym8Xdnb39g+Kh0dtFSWS0BaJeCS7PlaUM0FbmmlOu7GkOPQ57fjjq6nfuadSsUjc6jSmXoiHggWMYG2ktttgQzfrF8t2xZ4BrRJnQcr12tNjWvo+bvaLn+4gIklIhSYcK9Vz7Fh7GZaaEU4nBTdRNMZkjIe0Z6jAIVVeNrt2gs6MMkBBJE0JjWbq74kMh0qloW86Q6xHatmbiv95vUQHl17GRJxoKsh8UZBwpCM0fR0NmKRE89QQTCQztyIywhITbQIqmBCc5ZdXSfui4lQr1RuTRgPmyMMJnMI5OFCDOlxDE1pA4A4e4AVerch6tt6s93lrzlrMlOAPrI8fnHCSJw==</latexit>n
Reparameterization

<latexit sha1_base64="8I9lvkcJ1F5q8zYE8TQfU8JhMFE=">AAACFnicbVDLSsNAFJ34rPUVdekmWIS6aEmKVN0VXOiygn1AU8rNdNIOnTyYmRRLyFe48R/8AkVcKOJW3fk3TtoutPXAwOGcc7lzjxMyKqRpfmsLi0vLK6uZtez6xubWtr6zWxdBxDGp4YAFvOmAIIz6pCapZKQZcgKew0jDGZynfmNIuKCBfy1HIWl70POpSzFIJXX0gu1ywPFNXh4VbEF7HihmD4GTUFCmEhdJbAML+6medPScWTTHMOaJNSW5Sunz3j57eqx29C+7G+DII77EDIRoWWYo2zFwSTEjSdaOBAkBD6BHWor64BHRjsdnJcahUrqGG3D1fGmM1d8TMXhCjDxHJT2QfTHrpeJ/XiuS7mk7pn4YSeLjySI3YoYMjLQjo0s5wZKNFAHMqfqrgfugepKqyawqwZo9eZ7US0WrXCxfqTaO0QQZtI8OUB5Z6ARV0CWqohrC6BY9oBf0qt1pz9qb9j6JLmjTmT30B9rHD36Uo08=</latexit>

x(t)� �(t)"G
↵(t)

<latexit sha1_base64="yUuhyOPkGV0Mzy70+jh4H0JzwZ8="></latexit>

x(t)� �(t)"

↵(t)



2-Layer MLP 
(MNIST, C=512) ReLU CoLU

Train Loss 0.0000 ± 0.0000 0.0000 ± 0.0000
Test Accuracy 97.17 ± 00.02 97.23 ± 00.06

2-layer VAE 
(Shared&Soft) ReLU CoLU

Train Loss 84.29 ± 0.34 83.88 ± 2.68
Test Loss 98.14 ± 0.07 97.64 ± 1.39

Conic Activation Functions A symmetry constraint on generative models for improved 
generalization property and better learning and performance.
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Better Accuracy and Loss



Diffusion Model Training 

O(C) Complexity


Negligible Overhead vs ReLU

ResNet-56 
(CIFAR10) ReLU CoLU

Forward FLOPs 0.252M 0.257M
Test Accuracy 92.7282 ± 0.357 93.5851 ± 0.442

Diffusion Model 
(CIFAR10) ReLU CoLU (Faster)

Train Loss 0.1653 0.1458
Early Samples

GPT2 MLP 
(FineWeb10M) ReLU CoLU

Forward FLOPs 39.064M 39.101M
Test Loss 3.4569 ± 0.1182 3.3804 ± 0.1159

Conic Activation Functions A symmetry constraint on generative models for improved 
generalization property and better learning and performance.
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Conic Activation Functions A symmetry constraint on generative models for improved 
generalization property and better learning and performance.

CoLU:

with swapped color 

rotation

ReLU: 

matches each other 

with swapping

Last Convolution Layer of Diffusion 
Model with Different Seeds

Palettes
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Conic Activation Functions A symmetry constraint on generative models for improved 
generalization property and better learning and performance.

Previous works: Linear Mode Connectivity

• Optimization: Non-convex loss is convexified by the quotient.

• Geometry: Neural network symmetry induced by activation.

• Probability: Optimal mixture irrelevant of initializations.
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Conic Activation Functions A symmetry constraint on generative models for improved 
generalization property and better learning and performance.

Linear Mode Connectivity: Generative Models

Before

After
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

−1

−0.5

0

0.5

1

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

−1

−0.5

0

0.5

1

<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�

B
ef

or
e 

A
lig

nm
en

t
A

fte
r A

lig
nm

en
t

Image 
Histogram

Outputs of CNN with 
interpolated parameters

17



Conic Activation Functions A symmetry constraint on generative models for improved 
generalization property and better learning and performance.

Linear Mode Connectivity: Generative Models

Animation: interpolation between parameters 
in a finetuned diffusion model 
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CoLU is a symmetry constraint on generative models for improved 
generalization property and better learning and performance.

Conclusion
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