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Natural Policy Gradient (NPG) can achieve
global convergence with non-zero
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Problem and parameterization

Policy optimization: max 7T6—,r’r' r e ]RK

fcR4

Softmax + low-dimensional feature (“log-linear policies™):  my = softmax (X )

o exw{(X0)(a)) K
. 2 arex) XP{X0)(a)} rex

Used in practice but hard to analyze

® non-concave maximization (softmax transform)
e notrealizable if d < K (mg = softmax(X8), and X@ not equal r € R¥)



Algorithms
-

Problem: IMaX 7y T
R4
Algorithm 1 Softmax policy gradient (PG) Algorithm 2 Natural policy gradient (NPG)
Input: Learning rate n > 0. Input: Learning rate n > 0.
Output: Policies my, = softmax(X6;). Output: Policies my, = softmax(X6,).
Initialize parameter §; € R<. Initialize parameter §; € R9.
while ¢t > 1 do while ¢ > 1 do
9t+1 — Ht—i—n-XT(diag(Wgt)—7r9t7rg;)7°. Ht—}-l — 9t +n- (XTX)_lXTT.

end while end while




Softmax Policy Gradient (PG); Natural Policy Gradient (NPG)
T

Problem: Imax Tg T
R4
Algorithm 1 Softmax policy gradient (PG) Algorithm 2 Natural policy gradient (NPG)
Input: Learning rate n > 0. Input: Learning rate n > 0.
Output: Policies my, = softmax(X6;). Output: Policies my, = softmax(X6,).
Initialize parameter §; € R<. Initialize parameter §; € R?.
while ¢t > 1 do while ¢ > 1 do
Ht—}-l — Ht—}-n-XT(diag(mgt)—7r9t7rg;)'r'. 9t+1 — 0t +n- (XTX)_lXTT.
end while end while
dmjr 0, 0. \ T dmir . Ty ! wT,. : _ |2
dg: = digt (leét> d7r99tt = XT(dlag(m;t) - 7T9t7'(';;) T (X X) X 'r= aig;éldln ||Xw TH2



Existing results

Problem: mmax 7T6—;r’l“ mp = softmax(6)

fcRa

Softmax PG: asymptotic global convergence (Agarwal et al., 2019)
O(1/1) rate (Mei et al., 2020)

Poor constant dependence (Li et al., 2021)

Tg = softmaX(XH) . Impossible to achieve global convergence, exponentially
many bad local maxima (Chen et al., 2020).



Existing results

Problem: max 7T6—,|_’I“ mp = softmax(6)

fcRa

NPG: O(1/t) dlobal convergence (Agarwal et al., 2019)
O(e °*) rate (Khodadadia et al., 2021; Lan 2021; Xiao, 2022)

Tg = softmax (X 6) : additive approximation error (Agarwal et al., 2019)

(ﬂ-* o 7T9t)—r r < Cl/\/Z + C2 - €approx
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Examples

0 -1 0 2

L T
—92 O 1 O and = (97 87 77 6)

Examplel. K =4,d=2 X' =

Capprox = 101 || Xw — 7]}, = || X (XTX)" XTr—r|, = v202.6 ~ 14.2338
we

-
o maxmyg I 7, = softmax(X6
NPG HERd 0 6 ( )

Softmax PG: 041 « 0, +n- X ' (diag(mg,) — mg,mg, )T

NPG: 0,11 < 0, +7n- (X" X)X Tr

0, = (6,8)" € R? n=0.2



Examples

Examplel. K =4,d=2 X' =

€approx — 1{)%11[31 ”X’LU — ’I"||2 =

—PG
—NPG

0 -1 0 2
-2 0 1 0

andr = (9,8,7,6)"

X (XTX)"' XTr—r|, = 202.6 ~ 14.2338

-
maxy ' my = softmax(X6)
o R4

6, = (6,8)T € R? n=0.2

mo,r — 9 = r(a*)



Findings

Finding 1: Softmax PG and NPG can achieve global convergence
with non-zero approximation errors.
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Findings

Finding 1: Softmax PG and NPG can achieve global convergence
with non-zero approximation errors.

Question: Is non-zero approximation error useful for characterizing
global convergence?
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Findings

Finding 2: Non-zero approximation errors does not characterize
global convergence for both algorithms.




Examples

0 —-10 O

ition: K =3,d=2 X'=
Proposition: 3, [_2 41

] c RdXK
r=Xw=(4,2-2)" w=(-1-2)7 cR’

Bad initialization: §; = (—1n2,In2)"' . using Softmax PG

7T0t+1(1) < 7T9t(1) << 7T91(1)

611 (3) o, (3) 6, (3)

, implying that 7T9t(1) 4 1.
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Findings

Finding 3: Linear realizability (zero approximation error) does not
imply global convergence for Softmax PG.
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Findings
Finding 1: Softmax PG and NPG can achieve global convergence
with non-zero approximation errors.

Finding 2: Non-zero approximation errors does not characterize
global convergence for both algorithms.

Finding 3: Linear realizability (zero approximation error) does not
imply global convergence for Softmax PG.

Question: What conditions characterize global convergence of
Softmax PG and NPG in unrealizable problem?



Main Results (Softmax PG)

Softmax PG (sufficient, not necessary):

Denote z; € R? as the i-th row vector of feature matrix X € RX*¢ .
If (i) there exists at least one w € R?, such that r’ := Xw € RX
preserves the ordering of r € RX | i.e., 7(4) > 7(J) if and only if
r'(3) > r'(5); (i) (s — ;)" (xqr — x;) > 0 forallr(a*) > r(i) > r(j).
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Main Results (Softmax PG)

Softmax PG: Denote z; € R? as the i-th row vector of feature matrix X € RE*¢ .
If (i) there exists at least one w € R?, such that ' := Xw € R%
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Main Results (Softmax PG)

Softmax PG: Denote z; € R? as the i-th row vector of feature matrix X € RE*¢ .
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Main Results (Softmax PG)

Softmax PG: Denote z; € R? as the i-th row vector of feature matrix X € RX*4
If (i) there exists at least one w € R?, such that 7’ := Xw € RX
preserves the ordering of » € RX | i.e., r(4) > r(j) if and only if
(1) > 1'(5); (ii) (x5 — ;) " (Tax — ;) > 0 forallr(a*) > r(@) > r(j).

(i) ensures “no finite stationary points”, implying that ||6:|2 — oc.

w' X (diag(mg) — memy ) 7= 't (diag(mg) — momy ) T

(i) avoids existence of bad local maxima on sub-optimal plateaus.



Main Results (NPG)

NPG (sufficient and necessary):

A =1 -~
Denote 7 := X (XTX) X "r, a sufficient and necessary
condition for NPG to achieve mg,m — 7(a*) as t — oo (from any
initialization #; € R? ) is that 7#(a*) > #(a) for all a # a* such that

a” := argmax,¢gr(a).

If the condition is satisfied, then the rate is (&* — m,) ' 7 € O(e~°?) .



Main Results (NPG)

A —1
NPG: Denote 7:= X (XTX) X "r, a sufficient and necessary
T

condition for NPG to achieve m,,m — r(a*) as t — oo (from any
initialization #; € R? ) is that #(a*) > #(a) for all a # a* such that

a” 1= argmax,c(g|7(a).

Intuition (using Example 1):
26

7T9t+1(a’*) . T, (a*) A% o — mg, (a”) . ex .22
C ol T e e {n () @)} = e {n-




Softmax PG condition is sufficient but not necessary

Denote z; € R? as the i-th row vector of feature matrix X € RKx4
If (i) there exists at least one w € R?, such that 7' := Xw € R¥
preserves the ordering of » € R¥ | i.e., 7(¢) > 7(j) if and only if
r'(3) > r'(4); (i) (s — ;) " (xe= — x5) > 0 for allr(a®) > r(i) > r(j).
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Softmax PG condition is sufficient but not necessary

Denote z; € R? as the i-th row vector of feature matrix X € RE*¢ .
If (i) there exists at least one w € R?, such that ' := Xw € R¥
preserves the ordering of r € RX | i.e., 7(¢) > r(J) if and only if

(i) > 7 (5): (i) (@5 — 2;) T (Ta- — x;) > 0 for allr(a®) > r(@) > r(j).

—PG

Example 5. K =6, d = 2,

0O -1 -1 0 1 1

— T
-1 0 1 1 0 —1’andr_(978’7767574) .
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Softmax PG condition is sufficient but not necessary

Denote z; € R? as the i-th row vector of feature matrix X € RKx4
If (i) there exists at least one w € R?, such that 7' := Xw € R¥
preserves the ordering of » € R¥ | i.e., 7(¢) > 7(j) if and only if
r'(3) > r'(4); (i) (s — ;) " (xe= — x5) > 0 for allr(a®) > r(i) > r(j).

O -1 -1 0 1 1 )T

ExampleS.K=6,d:2,XT:[_1 3 1 1 _1,and'r:(9,8,7,6,5,4

Speculation: for all 7(a*) > r(i) , there exists 7 (k) > 7(2), such
that for all 7(j) < (i) , it holds that (z; — z;) ' (zx — ;) > 0.



Summary (ordering-based conditions)

NPG (sufficient and necessary): weaker than zero approximation error

Softmax PG (sufficient, not necessary): approximation error irrelevant



Future directions

General MDPs

Stochastic updates

Sufficient and necessary conditions
Representation learning
Transformers (softmax attention)

RLHF (preference-based data vs. ordering-based conditions)
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