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Prominent examples
are RGCN [1] and
CompGCN [2].

h,f,o) = 0

h{ttD) = Upp (hz()f(t)), AGG({MsG, (h')| w € N,.(v),r € R}),REaAD({hY | w € V}})) ,

11



Relational Message Passing Neural Networks

hl? =z,

h{ttD) = Upp (hf)f(t)), AGG({MsG, (h')| w € N,.(v),r € R}),REaAD({hY | w € V}})) ,

12



Relational Message Passing Neural Networks

London UK Manchester UK
dqu(0,0) = dqu(O’O)
-7 K\ % i

7’ \ 7
London - \Manchester
Y4

O

R-MPNNs are at most as

crowerful as relational
local T-WL test [3].

h,f,o) =

h{ttD) = Upp (h,f)f(t)), AGG({MsG, (h')| w € N,.(v),r € R}),REaAD({hY | w € V}})) ,

13



Relational Message Passing Neural Networks

local T

ODOWET]

R-MPNNs are at most as

ul as relational
-WIL test | 3]

h{® =z,
h,ff“) — UPD (h,f)f(t)), AGG({{MSGT(hg)H w € N,.(v),r € R}), READ({{hfﬁ) lw € V}})) :

dec, ( O , Q

7’
London -

London UK

Manchester UK

= dec, QQ

Mancheste;

O

14

—hgher order method
is computationally

orohibitive.



Relational Message Passing Neural Networks

local T

ODOWET]

R-MPNNs are at most as

ul as relational
-WIL test | 3]

h{® =z,
h,ff“) — UPD (h,f)f(t)), AGG({{MSGT(hg)H w € N,.(v),r € R}), READ({{hfﬁ) lw € V}})) :

dec, ( O , Q

7’
London -

London UK

Manchester UK

= dec, QQ

Mancheste;

O

—hgher order method
is computationally

orohibitive.

What is a good trade off between expressivity and scalability?

15



Conditional Message Passing
Neural Networks (C-MPNNs)

10



Conditional Message Passing Neural Networks

—O
O
hffl)i , = INIT(u, v, q)
hfji‘? — UPD(h;f: |(,i)’q, AGG({ MSGT'(hg?a,qﬂ z,)|w e N,.(v),r € R}),READ({ hflfl)u,q lw eV},

17



Conditional Message Passing Neural Networks

NBFNet [4] locally computes
pairwise representations by
conditioning.

p (0)

v|u,q

= INIT(1, v, q)

Rt UPD(h'f(t) .AGG({{MSGT.(h(t) z,)|w e N,.(v),re R}), READ({[h(t) lw eV},

v|u,q vlu,q’ wl|u,q’ wlu,q

18



Conditional Message Passing Neural Networks

O
NBFNet [4] locally computes
pairwise representations by
conditioning.

O

hf)(l)?)L , = INIT(u, v, q)
hfj:’lq) — UPD(h;{ f,li)’q, AGG({ MSGT.(hSl)u’q, z,)| w e N,.(v),r € R}), READ({ hflfl)u,q lw eV},

19



Conditional Message Passing Neural Networks

O
NBFNet [4] locally computes The initialization function
pairwise representations by must satisty target node
conditioning. distinguishability.

O

hf)(l)i , = INIT(u, v, q)
hfjilq) — UPD(hf: fli)’q, AGG({ MSGT.(h,gl)u’q, z,)|w e N,.(v),r € R}), READ({{hSl)u,q lw eV},

20



Conditional Message Passing Neural Networks
p (0)

Q

Rt UPD(h'f(t) .AGG({{MSGT.(h(t) z,)|w e N,.(v),re R}), READ({[h(t) lw eV},

v|u,q vlu,q’ wl|u,q’ wlu,q

= INIT(1, v, q)

21



Conditional Message Passing Neural Networks

O
ne history function shows which
historical self-representation we
choose to update.
O

hf}?i)q = INIT(1, v, q)
hfji{l) — UPD(hjlf |(,li)’q, AGG({ MSG,.(hflfl)u’q, z,)|w e N,.(v),r € R}),READ({ hflfl)u,q lw eV},

22



Conditional Message Passing Neural Networks

ne history

X

storical se

‘unction s

f-represe

choose to update.

p (0)

v|u,q

h(H‘l)

v|u,q

= INIT(u,

_ UPD(hf(t)

vlu,q’

Nnows which

Ntation we

v, q)

wl|u,q’

23

We prove that the choice of t
nistoric function is irrelevant i

theoretical expressiveness.

AGG({MsG, (b z)|w e N,.(v),r € R}),REap({hY) |we V]Y)).

wlu,q

e

N



Conditional Message Passing Neural Networks

0
hf}l'l)t,q = INIT(1, v, q)
t+1 I(t , t | N\ . t |
h'f)|'u,,q) — UPD(h,UI(u)’q, AGG({{MSGT.(hijl)u’q, z,)| w e N,.(v),r € R}), RI:AD({h,Eul)u,q lw eV},

24



Conditional Message Passing Neural Networks

dec (O)
O
O
hf)(l)i , = INIT(u, v, q)
hf}t';lq) — UPD(hjil(i)’q, AGG({{MSGT(hgl)u,q, z,)|w e N,.(v),re R}), READ({hEﬁl)u’q lw eV},

25



Conditional Message Passing Neural Networks

dec (QO)
O
C-MPNNs relies on
unary decoder for
ink prediction.
O
hffl)i , = INIT(u, v, q)
hfji‘? — UPD(h;f: |(,i)’q, AGG({ MSGT'(hg?a,qﬂ z,)|w e N,.(v),r € R}),READ({ hflfl)u,q lw eV},

26



Expressiveness of C-MPNNSs

O
n(u,v).
T(rawlgt)(u., v), {{(rawlg)(u, w),r) | weN.(v),r € R)}).

rawlgo) (u,v)

rawléHl) (u,v)

27



Expressiveness of C-MPNNSs

C-MPNNs are at most as
expressive as relational
asymmetric local 2-WL (rawl,)

rawlgo) (u,v)

rawlg’ﬂ) (u,v)

n(u, v).
r(rawl$ (u,v), {(rawll) (u, w), 7) | w € N, (v), 7 € R)}).

28



Expressiveness of C-MPNNSs

C-MPNNs are at most as
expressive as relational
asymmetric local 2-WL (rawl,)

rawlgo) (u,v)

rawlg’ﬂ) (u,v)

n(u, v).
r(rawl$ (u,v), {(rawll) (u, w), 7) | w € N, (v), 7 € R)}).

29

There exists a C-MPNN (even
without readout) t

the same ex

OIeSS

nat achieves

oower of rawl,.



Logical Characterization of C-MPNNs

C-MPNNs (without readout) can uniformly express precisely functions in rFO?
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Summary and Outlook

Pairwise representation: C-MPNNs encodes pairwise node
representations conditioned on source node.

Expressiveness results: C-MPNNs can match the expressive power
of relational asymmetric local 2-WL, and logical characterizations.

Experimental validation: Experimental analysis is carried out to verity
the impact of model choices to validate our theoretical findings.

Thank you!
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