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K-Medoids Clustering
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Select K existing samples to minimize the 

sum of distance to any other samples

➢ Input: 

o Dataset of 𝑆 samples and 𝐴 dimensions, 

𝑋 = {𝑥1, … , 𝑥𝑆 } ∈ ℝ𝐴×𝑆

o Desired cluster number, 𝐾

➢ Output: 

o Center set 𝜇 ∈ 𝑋 with 𝜇 = 𝐾

o 𝜇 ∈ 𝑋: “medoids on samples” constraint

➢ Object:

o 𝑚𝑖𝑛
𝜇∈𝑋

∑
𝑠∈𝒮

𝑚𝑖𝑛
𝑘∈𝒦

𝑥𝑠 − 𝜇𝑘
2

2
(1)

𝑆 = 18, 𝐾 = 3
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Extensive Form
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➢ 𝒃𝒔,𝒋 = ቐ

1, 𝑥𝑠 𝑏𝑒𝑙𝑜𝑛𝑔𝑠 𝑡𝑜 𝑐𝑙𝑢𝑠𝑡𝑒𝑟
𝑤𝑖𝑡ℎ 𝑥𝑗 𝑎𝑠 𝑚𝑒𝑑𝑜𝑖𝑑

0,

➢ 𝒚𝒋 = ቐ

1, 𝑠𝑎𝑚𝑝𝑙𝑒 𝑥𝑗 𝑖𝑠 𝑎 𝑚𝑒𝑑𝑜𝑖𝑑

𝑜𝑓 𝑎 𝑐𝑙𝑠𝑢𝑡𝑒𝑟
0,

➢ 𝑑𝑠,𝑗 = 𝑥𝑠 − 𝑥𝑗 2

2
: the distance 

between 𝑥𝑠 and 𝑥𝑗

MIP

（2a）

（2b）

（2c）

（2d）

（2e）

（2f ）

min
𝑏,𝑦



𝑠∈𝒮



𝑗∈𝒮

𝑑𝑠,𝑗𝑏𝑠,𝑗



𝑗∈𝒮

𝑏𝑠,𝑗 = 1



𝑗∈𝒮

𝑦𝑗 = 𝐾

𝑏𝑠,𝑗 ≤ 𝑦𝑗

𝑏𝑠,𝑗 , 𝑦𝑗 ∈ 0,1

𝑠, 𝑗 ∈ 𝒮

s.t.

➢ 𝑠, 𝑗 ∈ 𝒮
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Classical Branch and Bound
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➢ Branch on integer variable, 𝑦𝑗

➢ Number of 𝑦𝑗 equal to sample 

number

➢ E.g., a 1000-sample , 2-

dimensional dataset with 3 

clusters consists of 1000 

integer variables, 𝑦𝑗.

Hard to solve large-
scale problems
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Our Works
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➢ Branching on regions of medoids can guarantee

the convergence to global optimum.

(e.g., branching variables: 1000⟶6).

➢ Combination of  basic and Lagrangian based 

lower bound methods, both with analytic solutions.

➢ Bound Tightening to reduce the search space and 

speed up the branch and bound.
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Tailored Branch and 
Bound Scheme

11/21/2022 6
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Branching
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……

➢ Branch on regions of medoids (𝑀 ≔ {𝜇 ∣ 𝜇 ≤ 𝜇 ≤ ҧ𝜇} , or called medoid region) 

➢ Branching variable number: 𝐾 ∗ 𝐴 (cluster ∗ dimension)

➢ Medoid candidates: u ∈ 𝑀 ∩ 𝑋, 𝑀 ∩ 𝑋 > 1 (4)

region of medoids: 𝑀

medoid candidates

Root node

Child nodes

……

Branching

Branching Branching
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Basic Lower Bound
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➢ At each child node, the K-Medoids problem

➢ Relax non-anticipativity constraints (5b) 

and “medoids on samples” constraint

(5a)𝑧 𝑀 = 𝑚𝑖𝑛
𝜇∈𝑀∩𝑋

∑
𝑠∈𝒮

𝑚𝑖𝑛
𝑘∈𝒦

𝑥𝑠 − 𝜇𝑠
𝑘

2

2

𝑠. 𝑡. 𝜇𝑠 = 𝜇𝑠+1, 𝑠 ∈ {1, … , 𝑆 − 1} (5b)

(6) 
𝛽𝑏𝑎𝑠𝑖𝑐 𝑀 = 𝑚𝑖𝑛

𝜇𝑠∈𝑀
∑

𝑠∈𝒮
𝑚𝑖𝑛
𝑘∈𝒦

𝑥𝑠 − 𝜇𝑠
𝑘

2

2

= ∑
𝑠∈𝒮

𝑚𝑖𝑛
𝜇𝑠∈𝑀

𝑚𝑖𝑛
𝑘∈𝒦

𝑥𝑠 − 𝜇𝑠
𝑘

2

2

𝛽𝑠 𝑀

𝑥𝑠

𝛽𝑠 𝑀
𝜇𝑠

*

Medoids region

➢ Theorem 1

The algorithm converges to the global optimal solution after a finite step by branching 

on the regions of medoids and the basic lower bound.

➢ Closed-form solution of 𝛽𝑠 𝑀 : distance 

from the sample to medoid region

➢ Characters: low computational cost but 

not tight bound
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Define contribution ρ𝑗 𝜆 ≔ ∑𝑠∈𝒮 min 0, 𝑑𝑠,𝑗 − 𝜆𝑠 ,

𝛽𝐿𝐷 𝑀, 𝜆 = min
𝑦



𝑘∈𝒦



𝑗∈𝒮𝑘(𝑀)

ρ𝑗 𝜆 𝑦𝑗
𝑘 + 

𝑠∈𝒮

𝜆𝑠

Lagrangian lower bound
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➢ Lagrangian Relaxation

𝛽𝐿𝐷 𝑀, 𝜆 = min
𝑏,𝑦



𝑠∈𝒮



𝑗∈𝒮(𝑀)

𝑑𝑠,𝑗 − 𝜆𝑠 𝑏𝑠,𝑗 + 𝜆𝑠

➢ Closed-form solution (for a given 𝜆):

（9a）

Select samples with smallest 𝜌𝑗 in 

each medoid region

（9b）

（8a）

（8b）

（8c）

（8d）

（8e）

（8f ）

min
𝑏,𝑦



𝑠∈𝒮



𝑗∈𝒮(𝑀)

𝑑𝑠,𝑗𝑏𝑠,𝑗



𝑗∈𝒮(𝑀)

𝑏𝑠,𝑗 = 1



𝑗∈𝒮𝑘(𝑀)

𝑦𝑗
𝑘 = 1



𝑘∈𝒦

𝑦𝑗
𝑘 ≤ 1

𝑏𝑠,𝑗 ≤ 

𝑘∈𝒦

𝑦𝑗
𝑘

𝑦𝑗
𝑘 = 0, 𝑗 ∈ 𝒮\𝒮𝑘 𝑀

𝑏𝑠,𝑗 , 𝑦𝑗
𝑘 ∈ 0,1

𝒮 𝑀 = 𝒮1 𝑀 ∪ ⋯ ∪ 𝒮𝐾(𝑀)

s.t.

（8g）

➢ Extensive Form for child node 

（8h）
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Lagrangian lower bound
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➢ Lagrangian Dual

𝛽𝐿𝐷(𝑀) = max
𝜆

𝛽𝐿𝐷(𝑀, 𝜆) .

➢ Certain optimality gap* 

→ Quality guarantee of LB

𝐺𝑎𝑝 =
𝑧 − 𝛽𝐿𝐷

𝑧𝑟 − 𝛽𝐿𝐷
<

1

𝑒
,

𝑤ℎ𝑒𝑟𝑒 zr = 

𝑠∈𝒮

max
𝑗∈𝒮

𝑑𝑠,𝑗 .

*  Gerard Cornuejols, Marshall L. Fisher, and George L. Nemhauser. Location of Bank Accounts to Optimize Float: An Analytic Study of Exact and Approximate 

Algorithms. Management Science, 23(8):789–810, 1977

（9c）
Method Basic Lagrangian

Symbol 𝛽𝐵𝑎𝑠𝑖𝑐(𝑀) 𝛽𝐿𝐷(𝑀)

Cost Low High

Bound Loose Tight

Convergence Yes No
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Combined lower bound
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Method Combined Basic Lagrangian

Symbol 𝛽(𝑀) 𝛽𝐵𝑎𝑠𝑖𝑐(𝑀) 𝛽𝐿𝐷(𝑀)

Cost Medium Low High

Bound Tight Loose Tight

Convergence Yes Yes No
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Upper Bound
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➢ Root node

• K-Means-like method 

Initial guesses of solutions

• Evolutionary Centers Algorithm

➢ Child node

• Candidate solutions obtained in 

the lower bounding process

Initial guesses of solutions

• K-Means-like method

➢ Given a feasible solution Ƹ𝜇 , upper bound is

𝑈𝐵 = 𝛼 𝑀 = ∑
𝑠∈𝒮

𝑚𝑖𝑛
𝑘∈𝒦

𝑥𝑠 − Ƹ𝜇𝑘
2

2
(10) 
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Bound Tightening
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Feasibility-Based Bound Tightening (FBBT)
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➢ Cluster Assignment (for a child node with 𝑀)

• If the maximum distance from sample 𝑠 to a medoid region 𝑘 is 

smaller than the minimum distances to other medoid regions

• Then this sample 𝑠 must belong to this cluster 𝑘. 

𝒙𝒔

Medoid
Region 𝑀1

𝑀2

𝑀3

𝑚𝑖𝑛𝑖𝑚𝑢𝑚

𝑚𝑖𝑛𝑖𝑚𝑢𝑚

𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒
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Feasibility-Based Bound Tightening (FBBT)
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➢ Denote the index sets of samples assigned to cluster 𝑘 as 𝒮𝐴
𝑘 .

➢ For cluster 𝑘, tighten the medoid region, 𝑀, by the feasibility 

inequation:

𝛽 𝑀 − + 

𝑠∈𝒮𝐴
𝑘

𝑥𝑠 − 𝜇𝑘
2

2
≤ 𝛼𝑙 ,

• Where 𝛽 𝑀 − represents the lower bound contributions of samples 

unassigned to cluster 𝑘, 𝛽 𝑀 − = ∑
𝑠∈𝒮\𝒮𝐴

𝑘 min
𝑘∈𝒦

𝑑𝑠,𝑚𝑖𝑛
𝑘 𝑀 .

➢ Inequation (11) is a simple quadratic inequation, it can be solved 

analytically to obtain the tightened medoid region, 𝑀.

(11) 
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Bound Tightening
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➢ Probing

• Divide the center region, 𝑀, into several sub-regions, 𝑀𝑠𝑢𝑏

• Compute basic LB, 𝛽𝑏𝑎𝑠𝑖𝑐 𝑀𝑠𝑢𝑏 , for each sub-region

• Delete the sub-region if 𝛽𝑏𝑎𝑠𝑖𝑐 𝑀𝑠𝑢𝑏 > 𝛼𝑙

• Execute only at the root node

➢ Symmetric-breaking

• Enforce a symmetric-breaking constraint on the first attribute

• 𝜇1
𝑘 ≤ 𝜇1

𝑘+1, ∀𝑘 = 1, … , 𝐾 − 1

➢ Benefits

• Reduce the number of child nodes to need be explored.

• Accelerate the calculation of lower bounds

o Only need to calculate the subproblems in the tightened medoid region.
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Numerical Results
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Serial results – small datasets 
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• 21 datasets from 100 samples to 10K samples in the serial mode.

• Identical results with CPLEX when datasets are small.

• Solving all 21 datasets to 0.1% gap with less computational time.

• Obtain a slightly better objective value in a small part of problems – Good Heuristic!
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Parallel results – huge datasets
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• 7 datasets from 10K samples to 2 million samples in the parallel mode.

• Capable to solve 1 million sample datasets within 1 hour.

• Solving 2 million sample datasets to 6.33% gap with 4 hours 
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Conclusion
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➢ A tailored reduce-space branch and bound algorithm for K-Medoids.

➢ A Lagrangian-based lower bounding method.

• No need to solve any optimization sub-problems.

➢ Bound tightening methods.

• Reduce the search space and speed up the BB procedure.

➢ Enlarge the solvable K-Medoids problem for global optimum.

• 1 million samples within 1 hours.
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Thank you! 


