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Motivation

The output of different initialization methods has differentiated properties
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®) Motivation

The output of different initialization methods has differentiated properties
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@) Motivation
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The output of different initialization methods has differentiated properties

Phase Diagram for Two-layer ReLU Neural

Networks at Infinite-width Limit
Tao Luo*, Zhi-Qin John Xu#, Zheng Ma, Yaoyu Zhang*

Difficulty:

« Multi-layer structure

Phase Diagram

[ Linear regime ° Non-llnearlty
- . Distinct characteristics

— Critical regime

(1/2,1/2) ,*
Yy Examples:

« wvenis  How about the more  Curiosity:

y—
7 (1/2,0 |(1,0) A NTK

- Eatel. 2020 general case? _
v LeCun, He  Different frow two-layer

a ~N(0,8), wi~ N(0,51s)
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Overview

This stu dy: make a step towards drawing a phase diagram for three-layer ReLU NNs with infinite width

-  Figure out key quantities and
CR for W2, LR for W'"

divide the dynamics into: § ,. -
) ) ; B CR for WP | CR for W
* alinear regime : 5 :
) 5 LR for W, CR for W'
« acondensed regime ! oy e
« acritical regime. : B
. . : 52,112
« Identify the condensation as (112§ s @ Xavier
the strong non-linear signature | .................. b ..@ff sy=o M NIK
behavior (10) | 2.9 W Lecun, He

i ai ~ N(0,8), Wi ~ (0,83), Wil ~ (0,8)
« Suggest a complicated ¥ sh Wy 2)» Wi 1

dynamical regimes consisting
of three possible regimes,
together with their mixture.

: log 81828/ : log 83 /81
Y3 = limy, g ——————, T2 = limy o —
logm logm

CR is short for Condensed Reigme, LR is short for Linear Regime
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Preliminary

A three-layer NN with m hidden neurons for each layer is,

fo(x) = %aTJ(W[Z]a(W[l]x))

where, x = [x7,1]7, Wil = (Wl iY77 % = cawlx), x = [x7,1]7, wi2] =

2 , p
(W, 52117, and aQ~ (0, 83), W2~ (0, 83), WA~ 1 (0, B7),

The empirical risk is,

1 n
Rs(6) =5 > (fo(x) = y)?
i=1
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Preliminary

A three-layer NN with m hidden neurons for each layer is,

fo@) = —aTo(WHoWllx)),  af~N(0,3), WA ~N(0,52), Wi~V (0, 52,
where, x = [x7,1]7, Wil = (Wl pIT % = cawWx), x = [27,1]7, w2l = [wl2] p2IiT.
The gradient flow of 8 = vec{a, W2, wl1]},

11
Ccll—j' = —— Z —o(Wlag(Wltz))e;,
n < a

2]
SUASE Z ~a© o' (WPo(Wlz))o(Whz:)Te;,
[1]
d‘ﬁi = Z ;Wl:z]T(a O o' (Wia(Wllz,))) 0 o' (WHha;)zTe;,

where e; = (i a"o(WRlow!ty)) — yi) , the operation @ is the Hadamard product.
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The gradient flow of 8 = vec{a, W!2| w1},

da 11
e Z —o(WEo(Wltz;))e;,
dt n =1 «

(2] L
e = —2Y Za0 o (WEo(Wllz)o(Whiz) e,
=1

n

(1] 1 1
d‘g =Y W @o o WEe(Wz)) 0 o/ (Wilz)aTe,
i=1

o(au) = ac(u),c'(au) = o' (u)
The normalized gradient flow of @,

da 1 — =7
a = — (E Z}{;;U(W[Q]G(W[l]ma))) €i,

dt —
(2] n
d 1 S — _
i (a D KaE® a’(W[Q]a(W'”mma(W“]“—’JT)
=1
—[1] n
d 1 —2T _
=4 (a S kW (@o o (We(W'z,)) o o (W ]mﬂﬂf) e
=1

2
where @ = ~a W2l = L2 Wil = Lyl Ky = Ps K, = Ps Ky = BiBabs , _ (a T, ;) 3

B3 B2 B1 2 b1 a

yaaN—autl




The normalized gradient flow of @,

c(ll_? (n Z}{;(}‘(W c(W ]:1:1))) ei,

i n
dW 1 —2T — — S
— = —K; (n E ;W[ ] (a@a’(Wmld(W[l]mt—))) ® J’(Wll]mi)m?) €.,

=1

The scaling parameters and infinite-width limit,
2
B3 33 _ BiB2B3 = _ 3 3
K4 = Ky = 5. K3 == i — (CZHilei) 3t
Assumption 3.1: m; =m, =m
Assumption 3.2: 8, = B3,
log x4 log K, . log K5

y1 = lim — G 0,y = lim — logm '3 = lim — logm

7V N\T=TSJT




Rescaling and the normalized model

The scaling parameters and infinite-width limit,

log K, _ log K

B Bs . PiPaBs = T I .
K1 = Z’KZ B, K3 = 0 , L= (aH ) 3t V2 = Trlzllréo logmiy3 nllll;réo logm

Some common Initialization methods

Table 1: Common initialization methods with their scaling parameters

Name (¥ a w2l Wil Ko Ka o 3
NTK
Jmima 1 1 1 1 - 0 1
Jacot et al. (2018) L TrL2

Lecun I T gl L s 1 L

LeCun et al_ {2012} ) T el Trig rriy rrged 2
He I 2 2 2 d g 1

He et al_ (2015) o L] el o iy rrad 2
Xavier | 2 2 2 d+41m 8/ {1y +1na) 3
Glorot and Bengio (2010) a1 g 4o d-41r1y e+ 1 (rma+1){d+4my ) 2
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Empirical phase diagram ‘
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Empirical phase diagram

Regime identification and separation
* Relative distance,

_ 10w, — 6w, (0)]l- 0%, — Ow, (0)]]2

RD(W1) , RD(WE = :
10w, (0)]|2 0w, (0)]|2
*  We empirically consider that as m — oo,
« Linear regime: Sup RD (W[i] (t)) - 0,i =12
t€[0,+ ) .
« Condensed regime: Sup RD (W[l] (t)) - 4o0i =12
t€[0,+0) .
- Critical regime: Sup RD (W[‘] (t)) - 0(1),i =1,2
t€[0,+0)
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Empirical phase diagram

Regime identification and separation

6%, — 0w, (0) ]l 18w, — 0w, (0)]]2

« Relative distance, RD(W ) = , RD(WE) = :
N T ) [ A A ]
« We empirically found that as m — o,  « Linear regime: Sup RD (W[i] (t)) -0,i=1,2
t€[0,+ )
« Condensed regime: Sup RD (W[i] (t)) - 4o0i=1,2
t€[0,+0) .
- Critical regime: Sup RD (W[‘] (t)) - 0(1),i =12
t€[0,+ )

RD(W!) v.s. m. Still learn four data points by three-layer ReLU NNs with different y;’s and y, = 0.

10° 10!
slope=-0.6105 slope=-0.0216 —— slope=0,2194
« data « data « data
[ . - . . u _‘_'___,-o-'.—-f

__'_,.-"
e
.-o-'"'"--r
"

N \ o

. . 1071 . 109 . .
10¢ 10° 10* 104 10° 10* 104 10° 10*
m m m

(a) v3 = 0.9 (b) v3 = 1.5 (c) v3 = 2.1

_ =esutull ]




Regime identification and separation

RD(W!H) v.s. m. Still learn four data points by three-layer ReLU NNs with different y;’s and y, = 0.
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We quantify the growth of RD(W!), i = 1,2, as m — o, by defining,

 log RD(WLy * Linear regime: 5w[i] <0

Sw[i] = lim _
m-co  logm « Condensed regime: 5w[i] > 0
 Critical regime: Swiyp =0
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Regime identification and separation

We quantify the growth of RD(W!H), i = 1,2, as m — oo, by defining,

log RD(W) * Linear regime: Swiy <0
~ moo  logm « Condensed regime: Swiy >0

For synthetic data, * CrincaRelne
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Regime identification and separation
For synthetic data,
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&) Summary

* Characterize the linear, critical, and condensed regimes

* |dentify the condensation as non-linear

* Figure

out the relation between the training dynamics and ‘

Initialization

e Drawt
e Revea

ne phase diagram

different training dynamics within a neural network
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